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ABSTRACT

For design nodes at 65nm and below, timing will es-
sentially be a statistical measure of the fabricated circuit
and heavily correlated with process variation. This paper
proposes a novel parametric interconnect analysis using
canonical reduced order modeling. Models in canonical
forms have the feature of a small number of free model
parameters. This property can be made use of effectively
for parametric analysis via interpolation. Experimental
results demonstrate the effectiveness of the proposed
methodology.

1. INTRODUCTION

State-of-the-art integrated circuit design has entered
the nanometer design era. The process variation problem
is one of the most serious challenges faced by the
IC designers today [1]. Timing has to be analyzed in
the statistical framework [2]. Current research is being
directed toward statistical analysis of interconnects.

Traditional model order reduction techniques have
found successful applications to interconnect modeling
and efficient timing analysis. Extension of the classical
methods to a statistical formulation is not trivial. Monte
Carlo based repeated model reduction for collecting the
statistics is doomed to be too costly. A number of
methods for better efficiency have been proposed in the
literature. The two-stage interval analysis technique [3]
is probably the most promising one proposed so far.

Model order reduction (MOR) is still considered a
powerful toolkit yet to be explored for statistical inter-
connect modeling and analysis. Exploring work along
this line includes a combination of MOR with interval
analysis [3], symbolic approaches [4], and a combina-
tion of the Padé-via-Lanczos (PVL)[7] algorithm with
interpolation [5].

This paper attempts to investigate a new approach to
compact reduced order modeling and explore its poten-
tials for multi-input multi-output (MIMO) interconnect
modeling and parametric analysis. It is observed that a
reduced-order model in the observability canonical form
[6] reveals special compactness; namely, only a small
number of matrix entries (called model data) determine
the reduced order model. This property is particularly
useful for parametric/statistical interconnect modeling
and timing analysis.
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2. MODELING IN OBSERVABILITY
CANONICAL FORM

General dynamic linear systems can be represented
in canonical forms in which the system models exhibit
simplistic regular forms that make system realization
easy [6]. One of the canonical forms is called the
observability canonical form.

Consider the following single-input-single-output
(SISO) system

{ & = Az + bu,

y = c'z

z €R"
(D

where b and ¢ are two column vectors, ¢’ is the trans-
posed vector of c. Variables u and y are scalar input and
output signals, respectively. Let A(s) be the characteristic
polynomial of matrix A, i.e.

/\(S) = |SI_A| = 5n+an—15n71 +---4ais+ag. (2)

By the Cayley-Hamilton Theorem the following matrix
equation holds [6]

A" = —aqol —a1A— - —a,_1 A" 3)

In linear system theory, the matrix pair (¢', A) is
called observable if the following matrix is nonsingular

CT

c'A N —y

TA" 1

Using the columns of matrix 7" as the coordinate basis,
the original system model represented in this new coordi-
nate system takes the following observability canonical

Sform:
0 1
0 1
A = T AT = )
1
—ap —ai —az —an—1
c'b mo
cTAb mi
b = T 'b= = ,
cTAn—1p M1
&= IT=[1 0 o],
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where the a;’s are the coefficients of the characteristic
polynomial of matrix A. The entries m; = c"A'b =
&A% (i = 0,1,---) are called Markov coefficients or
moments.

Remark 1: 1t is important to note that the above model
in the observability canonical form is determined by only
2n model data, a; and m; for ¢ = 0,--- ;n — 1. We
shall take this advantage for parametric reduced-order
modeling.

The above formulation for SISO models can easily
be extended to multi-input multi-output (MIMO) models.
Many linearized circuit models take the following form
(with r inputs and p outputs):

{ Cz = —-Gz+ Fu, reR™ uelR" @

y = Lu, y € RP

Sometimes the matrix C' would be nonsingular (so called
Differential-Algebraic Equations, DAE). We may choose
a real number sy so that the matrix (G + s50C) is
nonsingular. This makes it possible to expand the transfer
function of the model (4) in the following manner:

Hy(s) = L[C(s — s0) + (G4 Cso)] ' F
= L[A(s—s0)+1]"'B

= Z(—l)ij(S —s0)?,
j=0
where M; = LA’B is the jth moment, A = (G +
soC)~1C, and B = (G + soC)~'F. This kind of
treatment has been standard in the literature [7]. The real
number sq is called the expansion point in the Taylor
expansion for moment matching.
The above transfer function H ;s (s+sg) also represents
the following linear system
At = —x+ Bu, reR” uelR"
y = Lux, y € RP.
The model data (L, A, B) can be transformed to the
observability canonical form analogously to the SISO
case.

®)

Let L = [t & ---4] and B =
[bl by br], where ¢; and b; are all column
vectors. We have
Hy(s+s9) = L(sA+I1)7'B

1

= || A+D b by o b
L%
—hn(S) hia(s) hir(s)
ha1(s)  haa(s) har(s)
hp1(s)  hpa(s) hpr(s)
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where h;j(s) = (I(sA+1)"1b;, 1<i<p, 1<j<r.
This matrix transfer function consists of rp scalar transfer
functions. The procedure presented next can reduce these
scalar transfer functions h;;(s) to lower-order ones.

3. AREDUCTION ALGORITHM FOR MIMO
MODELS

The following algorithm reduces a MIMO model to
the observability canonical form.

Observability Canonical Form Reduction (OCFR)
Algorithm
Step 1.Construct a gth order Krylov subspace using the
Block Arnoldi Algorithm (to be stated in the
next section) using the model data (A", L"):

IC(I(ATa LT) = Span LT, ATLT, e ,AT(Q_l)LT:|

Step 2.Find the coefficient matrices of LA? expressed
in terms of a block linear combination of LA*

(1217 aq_l):
LAY ~ —MoL—MLA—---—M, LAWY,

where M; (i = 0,--- ,g—1)) are p X p matrices.
(The computation of M;’s will be given in the
next section.)

Step 3.Form the following model in the block observ-
ability canonical form for the given ¢:

0 I,
0 I,
Aq: ’
II)
|-Moy —My My -+ =My,
[ LB
LAB
B, = . :
LA 'B
Ly=[I, 0 - 0].

Step 4.Check the stability and passivity of the obtained
model.

It can be shown that the ¢ leading matrix moments of
the reduced order model, i.e., LquJBq fort =0,---,q—
1, match exactly those of the full-order model.

Let

M = [My M,_1]
and
L
LA
W; = € RPI*™,
L Ad-1



One can further show that the error between the reduced-
order model and the full-order model is controlled by the
norm

error 2 HLAq + MWqTH .

If this error vanishes, that means the reduced-order model
represents exactly the full-order model without error.

4. NUMERICAL COMPUTATION

In implementation, we usually do not compute the vec-
tors (A?)"L" directly because the power iteration is not
numerically stable. Typically the subspace spanned by
the columns of W, is computed by a numerically stable
Block Arnoldi Algorithm[9], which computes iteratively
the orthonormal basis vectors of the Krylov subspace
Kq(A™, LT).

Block Arnoldi Algorithm:

In: A", LT, q.
Out Wq, Vq+1s H(p Hq-‘—LQ'

(Vi, R11) = QR(L");
for (j = 1; 7 < q; j++) {

Uj = A'Vj;
for (i =154 < j;i++) {
H;; =ViUj;

Uj =U; = ViH,;
}
(Vit1, Hjt1,5) = QR(Uj);

}
Wy=[ViVa - Vs

Hq (Hl,j)7 Za]:177Q!

In the algorithm, QR(-N) denotes the QR factorization.
Since the columns of W, and the columns of W, both
span the same Krylov subspace K (A", L"), there exists

a matrix I74 such that

W, = W,R, (6)
R111 RLQ R17q71 Rl,q
Roo -+ Rog Ry,
R, = ' :
Rg_14-1 Rg-14
Rgq

Matrix R, is upper block-diagonal; its block columns is
generated iteratively. Let R; (¢ = 1,--- ,q) be the block
columns of the matrix Ry, i.e., Ry = Rl Eq}
It can be shown that

Rjy1 = H,R;, for j=1,--- . q—1. ()

Initially, El = Rj1FE1, where Ry; is computed in the
Block Arnoldi Algorithm and By = [I, 0 --- 0]
The matrix H, is computed by the Block Arnoldi Al-
gorithm and takes the form of upper block Hessenberg

matrix:

H171 HL? Hl,q

Hy, Hyo - o H,,

Hq _ H372 . .. Hg,q
Hq,qfl Hq,q

A derivation of the formulas above can be found in [8]
for the SISO case. The matrix M is solved from the
following linear equation

R,M" = —H,R,. 8)

One should take the advantage of the upper block diag-
onality of R, when solving for M.

Finally, the matrix B, is not computed directly from
the expression given in Step 3 of the OCFR algorithm.
Rather, it is computed more efficiently by

B, =W!B = R'W/B. ©

5. INTERPOLATION METHOD FOR
PARAMETRIC MODELING

The compact reduced-order model resulting from the
OCEFR algorithm can be used for parametric interconnect
modeling. In [5] an interpolation method was proposed
for constructing parametric reduced order models. This
technique is outlined briefly below. More details can be
found in [5].

The PVL algorithm applied to a SISO model generates
a reduced-order model with only (3¢—1) free parameters
that determine the reduced-order model. The reduced-
order model is represented by a (3¢ — 1)-dimensional
vector.

Suppose a full-order model involves a set of pa-
rameters. The interpolation idea is based on parameter
value sampling. For the case of one parameter, Lagrange
interpolation can be applied at the sample grids p(®,
1=1,2,---  N.

Let M) be the ith model sampled at the parameter
grid point p?, for i = 1,2,---,N. Let v(¥ e R3¢1
be the vector representing the ith reduced-order model
computed by PVL from the ith full-order model M),
Reduced order models for parameter values other than the
sampling points are obtained by interpolating the vectors
v@ i=1,2,---  N.

The interpolation approach also can be applied to the
reduced-order models generated by the OCFR algorithm.
We have mentioned in Remark 1 that a reduced-order
SISO model by the OCFR algorithm is determined by
a (2q)-dimensional vector, which has less number of
parameters than the models reduced by PVL.
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6. EXPERIMENTS

We use three examples to demonstrate the application
of the OCFR algorithm to multiple interconnect model-
ing and the combination of the OCFR algorithm with
interpolation for parametric interconnect analysis.

The first example is used to demonstrate the applica-
tion of OCFR algorithm to a MIMO model. The circuit
consists of three coupled parallel wires, each wire is
modeled by 9 RLC segments with coupling. For each
segment, the lumped element values are R = 5.3571m(},
L = 0.6138nH, C = 0.1420pF, CC = 0.0155pF,
CL = 1pF where CL is the load capacitance. We
consider two voltage sources V1 and Vso as the inputs
and measure the two voltage outputs at V; and V5 (see
Fig. 1).

Rio Rir Ly Riz L

C10 C” Crz W\/_WF CL

Vst CCyy CC12 I CC‘Q l 11 1
¥ BRoo R . Loy Rzz 7777777777 V2

021 l Cz2 fzi Cle
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Ve ICSO l Csy I Caz
v

Fig. 1. Three coupled RLC lines.

The MNA formulation of the circuit leads to a full-
order model of order 89. This model is reduced by the
OCEFR algotithm to the order order of 16. Shown in Fig. 2
are the frequency responses of h13(s) with the full-order
model and the reduced-order model plotted together for
comparison. We have checked that the reduced-order
model has all poles in the left-half complex plane.
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Fig. 2. Frequency responses of hi2(s).
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The coupling behavior of the multiple parallel in-
terconnects can be studied by simulation in the time-
domain.

Fig. 3 shows the the step responses of hii(s) and
hi2(s) compared to the Hspice transient simulation. By
reducing to a model-order as low as g = 9, the reduced-
order model still captures the timing behavior of the
original interconnect system. Due to the low loss of the
wires, the waves decay very slowly.

Step Response

- = = OCFRq=9
HSPICE
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Time(s) x107°
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Fig. 3. Step responses of hi1(s) and hi2(s).

Application of OCFR to parametric modeling is
demonstrated by the third example shown in Fig. 4. The
nominal reference RLC values are assumed uniform with
R = 5.3571m), L = 0.6138nH, and C' = 0.1420pF.
We choose V; as the input and V; as the output.

SR R C
Fig. 4. An RLC line.

We would like to investigate the sensitivity of L to the
circuit. Assume the inductance L varies in the interval
[0.5Lg,1.5L¢|, where Lo is the nominal value. The
interval is sampled by 20 equally spaced points and each
of the sampled model is reduced by OCFR from 100th
order to 15th order. Shown in Fig. 5 are the reduction
results for two randomly chosen L from the interval,
computed by OCFR + Interpolation.

Next we consider that all the RLC parameters are
allowed to vary in certain range around their nominal
values. We choose R € [0.8Ry,1.2Ry] with 6 grids,
L € [0.8Lg, 1.2L] with 6 grids, and C € [0.8C, 1.2C))
with 4 grids. Altogether, we need to collect 144 sample
models and reduce them one-by-one by OCFR to the 8th



Frequency response.

Magnitude (dB)
o

full
= = =reduced
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Fig. 5. Test results for single parameter perturbation (two cases).

order. Shown in Fig. 6 are the reduction results for two
reduced-order models interpolated over the surrounding
reduced sample models. The test results show that the
interpolation technique has acceptable performance if
used appropriately, which in certain applications can
reduce computation drastically.

Frequency response.

Magnitude (dB)

-100} =

-200 /

-300 . -
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Fig. 6. Test results for multi parameter perturbation (two cases).

7. CONCLUSION

We have presented a new model order reduction tech-
nique using the observability canonical form in linear
system theory. The reduced order models computed by
this technique has the feature of small number of free
parameters, thus are suitable for parametric reduced-
order modeling. We have demonstrated using examples
that the OCFR algorithm works reliably for MIMO
interconnect modeling and in parametric analysis based
on interpolation. This methodology will be improved in

many aspects so that it can be applied to interconnect
coupling analysis in the time-domain, statistical timing
evaluation, signal integrity, and others.
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