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     SYMBOLIC CALCULATION OF OSCILLATOR 
PERIODIC MAIN ROOT-LOCUS AND ITS APPLICATION 

IN CIRCUIT OPTIMIZATION

ABSTRACT

Linearizing an oscillator around its periodic steady state (PSS) would 

generate a small-signal model with time-varying parameter value. The 

time-varying root-locus of this model can be plotted on the complex plane. 

This information explains how oscillator works during its PSS, which is of 

benefit to designers. 

Currently, there’s a numerical method to generate this root-locus, yet 

the calculation process is repeated and inefficient. Also, this method 

provides limited information. 

In this paper, a symbolic main root-locus calculation method is 

proposed, which utilizes the advantage of both symbolic method and 

polynomial root calculation methods to advance the calculation efficiency. 

Sensitivity information can be generated with ease with this method, which 

can provide further information to help with design. 

To lend more flexibility to symbolic method for comparison of similar 

circuit topologies, a methodology to insert and delete devices without 

reconstruction of the data structure is proposed. Applying the method to 

structural comparison of different circuits would bring about more 

efficiency. 

KEY WORDS: symbolic method, high-frequency oscillators, root-locus, 

dynamic modification of symbolic data structure 



III

�

 ······················································································ 1�

1.1  ·············································· 1�

1.2  ····························································· 1�

1.3  ·············································· 2�

1.4  ················································· 4�

1.5  ··········································· 8�

1.6  ···························································· 10�

 ································································ 12�

2.1  ···························································· 12�

2.2  ·············································································· 12�

2.3 GPDD  ····························································· 15�

2.3.1  ······································································ 15�

2.3.2  ··································································· 16�

2.3.3 GPDD  ···································································· 17�

2.3.4 GPDD s  ···································································· 22�

2.4  ················································································· 23�

 ·································· 24�

3.1  ················································································· 24�

3.2  ·································································· 25�

3.2.1 PSS  ······································································· 25�

3.2.2  ········································································· 25�

3.3  ·································································· 27�

3.3.1  ··································································· 27�

3.3.2  ················································· 27�

3.3.3 Muller  ··················································· 28�

3.4  ······························································· 32�

3.5  ················································································· 34�

 ································································ 36�

4.1  ·············································································· 36�



IV

4.2  ··········································································· 36�

4.3  ··········································································· 44�

4.4  ················································································· 52�

 ········································································· 53�

5.1  ······································· 53�

5.1.1 1  ·················································· 54�

5.1.2 2  ································ 56�

5.1.3  ···························· 58�

5.2  ······················································ 61�

5.3  ················································································· 67�

 ·················································································· 68�

6.1  ····································································· 68�

6.2  ··········································································· 68�

 ····················································································· 70�

 ···························································································· 73�

 ·················································· 75�



V

�
1-1 COLPITTS �........................................................................................................�5�
1-2 COLPITTS �.....................................................................................................�5�
1-3 COLPITTS PSS �.............................................�6�
1-4 COLPITTS Q .....................................�7�
1-5 L �....................................................................................................�8�
1-6 �.............................................................................�9�
2-1 �...................................................................................................................................�13�
2-2 BDD ROBDD�.........................................................................................�13�
2-3 ROBDD �..................................................................................................�14�
2-4 RC �................................................................................................�17�
2-5 RC �.....................................................................................................�18�
2-6 �...................................................................................................................................�19�
2-7 RC GPDD�.................................................................................................................�20�
2-8 GPDD �...........................................................................................................................�21�
2-9 RC �....................................................................................�22�
2-10 RC GPDD S BDD �........................................................�23�
3-1 �...................................................................................�24�
3-2 DC-OP �..........................................................................................................�25�
3-3 MOS [28]�.........................................................................................................�26�
3-4 RC S BDD �.........................................................................�28�
3-5 MULLER �............................................................................................................�29�
3-6 MULLER �.......................................................................................�31�
4-1 �...........................................�37�
4-2 GPDD �..........................................................................................................................�38�
4-3 P GPDD �........................................................................................................�39�
4-4 �...........................................................................................................�41�
4-5 �...................................................................................................................�42�
4-6 �.......................................................................................................�45�
4-7 �...................................................................................................�45�
4-8 P GPDD �..................................................................................................�47�
4-9 P GPDD �..............................................................................................................�47�
4-10 P GPDD �.....................................................................................�48�
4-11 P GPDD �................................................................�49�
4-12 P 0 GPDD �.........................................................................�50�
5-1 �...........................................................................................................................�54�
5-2 �...............................................................................................�55�
5-3 PSS �...........................................�55�
5-4 �...................................................................................................�56�
5-5 �.......................................................................�57�
5-6 PSS �...................�58�
5-7 2 �......................................................................................�60�
5-8 CO �........................................................................................................�61�
5-9 LBOT �.......................................................................................................�62�
5-10 LTOP �.....................................................................................................�63�



VI

5-11 �.........................................................................................�64�
5-12 �.........................................................................................�65�



VII

2-1 GPDD �.......................................................................................................................�18�
5-1 �...................................................................................................�54�
5-2 �...........................................................................�57�
5-3 QZ �................................................................�59�
5-4 �...............................................................................................................�59�
5-5 �.......................................................................................�64�
5-6 �.......................................................................................�65�
5-7 OSC-1 �..............................................................................�66�
5-8 �...............................................................................................................�67�



- 1 - 

1.1

(System on Chip, SoC)

(CAD)

CAD

1.2



- 2 - 

(University of California, Berkeley) 70

SPICE ( Synopsys Hspice Cadence

Spectre Agilent ADS )

1.3

DC

DC



- 3 - 

[2] [3]

Zadeh 1950
[1]

( ) MNA(Modified Nodal 

Analysis) N

( ( )) ( ( )) ( ) 0
d q v t i v t u t
dt

� � � ,   0(0)v v�             1-1

N ( )u t ( )v t

( )u t 0

(1-1) ( )ssv t T

( ) ( )ss ssv t T v t� � ( )ssv t

( ( )) ( ( )) 0ss ss
d q v t i v t
dt

� �                    1-2

( ) ( ) ( )ssv t v t v t�� � 1-1

( ( ) ( )) ( ( ) ( )) 0ss ss
d q v t v t i v t v t
dt

� �� � � �               1-3

1-3 Taylor 1-2

[ ( ) ( )] ( ) ( ) 0
d C t v t G t v t
dt

� �� �                    1-4

( )

( ( ))
( )

ssv v t

q v tC t
v �

�
�

� ( )

( ( ))
( )

ssv v t

i v tG t
v �

�
�

�
N

1-4 ( ( )) ( )
d C t v t
dt

�



- 4 - 

( ) ( ) ( ) ( ) 0
dC t v t G t v t
dt
� �� � ,   0(0)v v� ��             1-5

Zadech
[1]

Laplace

0[ ( ) ( )] ( ) ( )C t s G t V s C t v� �� �                  1-6

( )V s� ( )v t� Laplace

( , ) : det | ( ) ( ) | 0D s t sC t G t� � �                  1-7

( , )D s t

PSS ( )C t ( )G t

( , )D s t

s PSS

s ( , )D s t n

n n PSS

1.4

W. R. Evans [4]

( )

[5][6] [7]

[8]

[9] (Time-Varying Root-Locus, TVRL)

1.3

CAD LC

LC

Colpitts Oscillator
[10]



- 5 - 

 1-1 Colpitts

Figure 1-1 A simple Colpitts Oscillator 

Colpitts Q R0

1.3

1-2 Colpitts

Figure 1-2 Time-varying root-locus of the Colpitts Oscillator 
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 1-3 Colpitts PSS

Figure 1-3 The relationship between the real part of Colpitts Oscillator’s main root and the PSS 
solution of its output voltage
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 1-4 Colpitts Q

Figure 1-4 The variation of the main time-varing root-locus and phase noise performance of 
Colpitts Oscillator with regard to different tank Q value 
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a) Colpitts Q

a) The variation of the main time-varing 
root-locus of the Colpitts Oscillator with 
regard to different tank Q value 

b) Colpitts Q

b) The variation of the phase noise of the 
Colpitts Oscillator with regard to different 
tank Q value 
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 2-4 RC

Figure 2-4 A simple RC circuit and its corresponding directed graph
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 2-5 RC

Figure 2-5 Left graph and right graph created from the directed graph of the RC circuit
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 2-9 RC

Figure 2-9 A simple RC circuit and the corresponding directed graph without input and output 
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b) Directed graph created by the RC circuit 
without input and output 
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 2-10 RC GPDD s BDD

Figure 2-10 The GPDD and s-expanded BDD structure of RC circuit’s characteristic polynomial
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a) GPDD of RC circuit’s characteristic 
polynomial 
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b) s-expanded BDD of RC circuit’s 
characteristic polynomial 



- 24 - 

3.1

( , )D s t

QZ

GPDD

3-1

 3-1

Figure 3-1 The process to calculate symbolic time-varying root-locus of oscillators 
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 3-4 RC s BDD

Figure 3-4 A simple passive RC time-varying circuit and its corresponding s-expanded BDD
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Figure 3-5 Sketch map of Muller iteration
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 4-3 p GPDD

Figure 4-3 GPDD with extreme p
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 4-4

Figure 4-4 an example to apply infinity algorithm
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 4-5

Figure 4-5 Data structure for infinity evaluation

INFlist SIndex 4 1 5 nextINF

GPDD ExpIndex ExpIndex

eval(node* P) P GPDD P->Left

P 1- P->Right P 0- sign1

1- sign0 0- S(P)

4-5 value V(P)

eval(P, nextINF) 

{  if (P->marked) return; 

   else (mark(P)); //

 if (S(P)==INF) // 1 1-

{ // 1-

0

if (P->Left->ExpIndex  <=  INFlist[nextINF+1])  

{ eval(P->Left, nextINF+1); V(P)=sign1*V(P->Left); } 

else  

{ V(P)=0; } 

}
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 else if (S(P)==0) // 2 0 0-

   { // 0-

0

if (P->Right->ExpIndex  <=  INFlist[nextINF]) 

 { eval(P->Right, nextINF); V(P)=sign0*V(P->Right);} 

else

   { V(P)=0;} 

 } 

   else // 3 0- 1-

 { 

  //

0

if (P->Left->ExpIndex  <=  INFlist[nextINF]) 

{ eval(P->Left, nextINF); V_left=V(P->Left); } 

else

{ V_left=0; } 

if (P->Right->ExpIndex  <=  INFlist[nextINF]) 

 { eval(P->Right, nextINF); V_right=V(P->Right);} 

else

   { V_right=0;} 

  //

  V(P) = S(P)*sign1*V_left+sign0*V_right;

 } 

}

4-4

A

1 A 1 nextINF D 1-

2 B B 0 2 0- C D

0- C

3 C 3 C 1- E D

D V_left 0 C

0- D 0- D



- 44 - 

4 D 1 nextINF E 1

D

D 1- E

5 E ( ) 1 0V E E E� � � �

D D 1

( ) 1 ( )V D V E E� � � C

( ) 0 ( )V C C V D E� � � � B ( ) ( )V B V C E� � A

( ) 1 ( )V A V B E� � �

4-4

GPDD

SOP

4.3

GPDD

GPDD GPDD

GPDD GPDD



- 45 - 

R/L/C

1

2

4-6 1 4-7 2

 4-6

Figure 4-6 Sketch map of splitting a node and inserting a device 
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 4-8 p GPDD

Figure 4-8 GPDD of the original circuit without p

p p GPDD
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 4-9 p GPDD

Figure 4-9 GPDD of the circuit with p added 
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 4-11 p GPDD

Figure 4-11 Change on GPDD when p changes from infinity to a concrete value 
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 4-12 p 0 GPDD

Figure 4-12 Change on GPDD when p changes from infinity to a concrete value 
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5.1.1 1

 5-1

Figure 5-1 Cross-coupled oscillator

5-1 5-1

 5-1

Table 5-1 Parameter value of the cross-coupled oscillator 

 Ibias VDD 

Mp1

Mp2

W/L

Mn1

Mn2

W/L

 3.8mA 2.2V 60um/180nm 60um/180nm 

Mp3

W/L

Mp4

W/L
Lmain Co 

 40um/180nm 40um/180nm 870pH 1.43pF 

Co Lmain TSMC 0.18um �
PSS 1V

5-2
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 5-2

Figure 5-2 Main root-locus of cross-coupled oscillator

5-2

10

5-3 PSS

 5-3 PSS

Figure 5-3 Main root-locus of the cross-coupled oscillator in comparison to PSS result 
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5.1.2 2

 5-4

Figure 5-4 Cross-coupled oscillator with two biased inductors 
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5-4 5-2

 5-2

Table 5-2 The parameters of the cross-coupled oscillator with biased inductors 

 Ibias VDD 

Mp1

Mp2

W/L

Mn1

Mn2

W/L

 4.4mA 2.2V 60um/180nm 60um/180nm 

Mp3

W/L

Mp4

W/L
Lmain Co 

 40um/180nm 40um/180nm 870pH 1.43pF 

 Ltop Lbot Cfilt

 0.8nH 1.8Nh 20pF  

Co Lmain TSMC 0.18um � Ltop

Ltop

PSS 1V

5-5

 5-5

Figure 5-5 Main root-locus of cross-coupled oscillator with biased inductors 

5-5

10

5-6 PSS
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 5-6 PSS

Figure 5-6 Main root-locus of the cross-coupled oscillator with biased inductors in comparison to 
PSS result

5-6 Vout=1V Vout=-1V MOS

MOS MOS

Vout=0V MOS

5.1.3

5-3

Osc-1 Osc-2

PSS 202

5-3

Muller QZ
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 5-3 QZ

Table 5-3 Performance comparison between the symbolic method and the QZ method 

 QZ

s
Muller

s
s

s

Osc-1 

12
0.058 0.006 0.064 0.141 

Osc-2 

16
0.215 0.009 0.224 0.260 

5-3 QZ

QZ

QZ 16 20

QZ 0

Muller

Muller 4 5

5-3

5-4

 5-4

Table 5-4 Details of the symbolic method 

 s BDD
GPDD s

BDD
s

Osc-1 69 4088 0.20 0.058 

Osc-2 84 10675 0.41 0.215 

5-4 s BDD

s BDD

[18]
GPDD GPU

[31]

[32]
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5-4

5-4

5-7a)

5-7b)

 5-7 2

Figure 5-7 The effect of biased inductors on the performance of oscillator 2 

(i) Ltop=0 Lbot=0 (ii) Ltop=0.8nH Lbot=0

(iii) Ltop=0 Lbot=1.8nH (iv) Ltop=0.8nH Lbot=1.8nH

a)
a) Variational root-locus 

b)
b) Variation of phase noise 
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Figure 5-8 Sensitivity of root locus in reference to Co
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 5-9 Lbot

Figure 5-9 Sensitivity of root locus in reference to Lbot
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 5-10 Ltop

Figure 5-10 Sensitivity of root locus in reference to Ltop

5-10  Lbot

Lbot

( ( , ))leftmostMag Sens s p

p 5-5

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
4.05

4.1

4.15

4.2

4.25

4.3

4.35

Re(�0
)(GHz)

Im
( �

0
)(

G
H

z
)



- 64 - 

 5-5

Table 5-5 Circuit Parameters that are most sensitive to the leftmost point of the root locus 

 C0 L1_Lmain L0_Lmain C1

(
92 10� � )

1.17653 0.991 0.989 0.838 

 Lbot Rsd_Mn2 R1_Lmain R0_Lmain 

 0.173 0.103 0.102 0.101 

 Gm_Mp1 Cgg_Mn2 Rsd_Mp1 Gm_Mn2 

 0.087 0.080 0.060 0.052 

 Cgg_Mp1 L3_Lmain L2_Lmain R3_Lmain

 0.048 0.030 0.030 0.025 

 R2_Lmain C2_Lmain Cgg_Mp2 Cdd_Mn1

0.025 0.021 0.015 0.015 

 Cgd_Mn2 Ltop Cdg_Mn2 Cgd_Mp1

 0.012 0.012 0.009 0.008 

5-11

 5-11

Figure 5-11 Parameters that impact the left-most point in the main root-locus the most
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LC tank

MOS

( ( , ))rightmostMag Sens s p

p 5-6

 5-6

Table 5-6 Circuit Parameters that are most sensitive to the rightmost point of the root locu 

 L1_Lmain L0_Lmain C0 C1

(
92 10� � )

1.038 1.037 0.906 0.906 

 Gm_Mn2 Gm_Mn2 Gm_Mn2 Gm_Mn2

 0.190 0.190 0.165 0.162 

 R1_Lmain R0_Lmain Cgg_Mp2 Cgg_Mp1

 0.110 0.110 0.035 0.034 

L3_Lmain L2_Lmain R3_Lmain R2_Lmain

 0.028 0.028 0.025 0.025 

 Cgg_Mn1 Cgg_Mn2 C2_Lmain

 0.024 0.024 0.021  

5-12

 5-12

Figure 5-12 Parameters that impact the right-most point in the main root-locus the most 
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MOS mg ggC

LC tank 5-11 5-12

topL botL

topL botL

PSS

5.3

Osc-1 Osc-2

Osc-2 Osc-1

, 0 Cfilt 0

 5-7 Osc-1

Table 5-7 Comparison of Osc-1 coefficient calculation time based on two methods 

Osc-1 Osc-2

Osc-1

(s) 
0.2 0 

Osc-1 (s) 0.058 0.067 

(s) 0.258 0.067 

Osc-2 Osc-1

GPDD Osc-1

Osc-1 GPDD s
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BDD

Osc-1 Osc-2

GPDD Reduce Zero Suppress

5-8

 5-8

Table 5-8 Details of the adding devices in symbolic method 

GPDD
Cfilt

GPDD

Lbot

GPDD

Ltop

GPDD

GPDD

(s) 

Osc-1

Osc-2 

642 298 1216 1368 3524 0.34 

GPDD Osc-1 Osc-2

Osc-1 Osc-2

0.08s 0.33s 0.42s

5.4
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